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1 Introduction: Languages, Semantics, Interpreters,
Compilers

1.1 Language and semantics
A language is a collection of programs. A program is an abstract syntax tree (AST),

which describes the hierarchy of constructs. An abstract syntax of a programming
language describes the format of abstract syntax trees of programs in this language.
Thus, a language is a set of constructive objects, each of which can be constructively
manipulated.

The semantics of a language L is a total map

J•KL : L →D

where D is some semantic domain. The choice of the domain is at our command;
for example, for Turing-complete languages D can be the set of all partially-recursive
(computable) functions.

1.2 Interpreters
In reality, the semantics often is described using interpreters:

eval : L → Input→ Output

where Input and Output are sets of (all possible) inputs and outputs for the pro-
grams in the language L . We claim eval to possess the following property

∀p ∈L , ∀x ∈ Input : JpKL x = eval p x

In other words, an interpreter takes a program and its input as arguments, and re-
turns what the program would return, being run on that argument. The equality in the
definitional property of an interpreter has to be read “if the right hand side is defined,
then the left hand side is defined, too, and their values coinside”, and vice-versa.
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Why interpreters are so important? Because they can be written as programs in
a meta-lanaguge, or a language of implementation. For example, if we take ocaml
as a language of implementation, then an interpreter of a language L is some ocaml
program eval, such that

∀p ∈L , ∀x ∈ Input : JpKL x = JevalKocaml p x

How to define J•Kocaml? We can write an interpreter in some other language.
Thus, a tower of meta-languages and interpreters comes into consideration. When to
stop? When the meta-language is simple enough for intuitive understanding (in reality:
some math-based frameworks like operational, denotational or game semantics, etc.)

Pragmatically: if you have a good implementation of a good programming lan-
guage you trust, you can write interpreters of other languages.

1.3 Compilers
A compiler is just a language transformer

comp : L →M

for two languages L and M ; we expect a compiler to be total and to possess the
following property:

∀p ∈L JpKL = Jcomp pKM

Again, the equality in this definition is understood functionally. The property itself
is called a complete (or full) correctness. In reality compilers are partially correct,
which means, that the domain of compiled programs can be wider.

And, again, we expect compilers to be defined in terms of some implementation
language. Thus, a compiler is a program (in, say, ocaml), such, that its semantics in
ocaml possesses the following property (fill the rest yourself).

1.4 The first example: language of expressions
Abstract syntax:

X = {x, y, z, . . .} (variables)
⊗ = {+,−,×, /, %, <,≤, >,≥,=, 6=, ∨, ∧} (binary operators)
E = X (expressions)

N
E ⊗E

Semantics of expressions:

• state σ : X → Z assigns values to (some) variables;

• semantics J•K assigns each expression a total map Σ→ Z, where Σ is the set of
all states.
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Empty state Λ: undefined for any variable.
Denotational style of semantic description:

JnK = λσ.n , n ∈ N
JxK = λσ.σx , x ∈X

JA⊗BK = λσ.(JAKσ⊕ JBKσ) , A, B ∈ E

⊗ ⊕ in ocaml
+ +
− −
× ∗
/ /
% mod
< <


see note 1 below

> >
≤ <=
≥ >=
= =
6= <>
∧ &&

}
see note 2 below∨ ||

Note 1: the result is converted into integers (true→ 1, false→ 0).
Note 2: the arguments are converted to booleans (0 → false, not 0 → true), the

result is converted to integers as in the previous note.
Important observations:

1. J•K is defined compositionally: the meaning of an expression is defined in terms
of meanings of its proper subexpressions. This is an important property of deno-
tational style.

2. J•K is total, since it takes into account all possible ways to deconstruct any ex-
pression.

3. J•K is deterministic: there is no way to assign different meanings to the same
expression, since we deconstruct each expression unambiguously.

4. ⊗ is an element of language syntax, while ⊕ is its interpretation in the meta-
language of semanic description (simpler: in the language of interpreter imple-
mentation).

5. This concrete semantics is strict: for a binary operator both its arguments are
evaluated unconditionally; thus, for example, 1∨x is undefined in empty state.
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2 Statements, Stack Machine, Stack Machine Com-
piler

2.1 Statements
More interesting language — a language of simple statements:

S = X := E
read (X )
write (E )
S ;S

Here E ,X stand for the sets of expressions and variables, as in the previous lecture.
Again, we define the semantics for this language

J•KS : S 7→ Z∗→ Z∗

with the semantic domain of partial functions from integer strings to integer strings.
This time we will use big-step operational semantics: we define a ternary relation “⇒”

⇒⊆ C ×S ×C

where C = Σ×Z∗×Z∗ — a set of all configurations during a program execution.
We will write c1

S
=⇒ c2 instead of (c1,S,c2) ∈⇒ and informally interpret the former as

“the execution of a statement S in a configuration c1 completes with the configuration
c2”. The components of a configuration are state, which binds (some) variables to their
values, and input and output streams, represented as (finite) strings of integers.

The relation “⇒” is defined by the following deductive system (see Fig. 1). The
first three rules are axioms as they do not have any premises. Note, according to these
rules sometimes a program cannot do a step in a given configuration: a value of an
expression can be undefined in a given state in rules ASSIGN and WRITE, and there can
be no input value in rule READ. This style of a semantics description is called big-step
operational semantics, since the results of a computation are immediately observable
at the right hand side of “⇒” and, thus, the computation is performed in a single “big”
step. And, again, this style of a semantic description can be used to easily implement a
reference interpreter.

With the relation “⇒” defined we can abbreviate the “surface” semantics for the
language of statements:

∀S ∈S , ∀ι ∈ Z∗ : JSKS ι = o⇔ 〈Λ, i,ε〉 S
==⇒ 〈 , ,o〉

3 Stack Machine
Stack machine is a simple abstract computational device, which can be used as a

convenient model to constructively describe the compilation process.
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〈σ, ι, o〉 x := e
=======⇒ 〈σ [x← JeKE σ], ι, o〉 [ASSIGN]

〈σ, zι, o〉 read (x)
========⇒ 〈σ [x← z], ι, o〉 [READ]

〈σ, ι, o〉 write (e)
=========⇒ 〈σ, ι, o(JeKE σ)〉 [WRITE]

c1
S1===⇒ c′ c′

S2===⇒ c2

c1
S1 ;S2======⇒ c2

[SEQ]

Figure 1: Big-step operational semantics for statements

In short, stack machine operates on the same configurations, as the language of
statements, plus a stack of integers. The computation, performed by the stack machine,
is controlled by a program, which is described as follows:

I = BINOP⊗
CONST N
READ
WRITE
LD X
ST X

P = ε

I P

Here the syntax category I stands for instructions, P — for programs; thus, a
program is a finite string of instructions.

The semantics of stack machine program can be described, again, in the form of
big-step operational semantics. This time the set of stack machine configurations is

CSM = Z∗×C

where the first component is a stack, and the second — a configuration as in the
semantics of statement language. The rules are shown on Fig. 2; note, now we have
one axiom and six inference rules (one per instruction).

As for the statement, with the aid of the relation “⇒” we can define the surface
semantics of stack machine:

∀p ∈P, ∀i ∈ Z∗ : JpKSM i = o⇔ 〈ε,〈Λ, i,ε〉〉 p
==⇒ 〈 ,〈 , ,o〉〉

3.1 A Compiler for the Stack Machine
A compiler of the statement language into the stack machine is a total mapping

J•Kcomp : S 7→P
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c ε
==⇒ c [STOPSM]

〈(x⊕ y) :: st,c〉 p
==⇒ c′

〈y :: x :: st,c〉
(BINOP⊗)p

==========⇒ c′
[BINOPSM]

〈z :: st,c〉 p
==⇒ c′

〈st,c〉
(CONST z)p

=========⇒ c′
[CONSTSM]

〈z :: st,〈s, i,o〉〉 p
==⇒ c′

〈st,〈s,z :: i,o〉〉
(READ)p

=======⇒ c′
[READSM]

〈st,〈s, i,o@z〉〉 p
==⇒ c′

〈z :: st,〈s, i,o〉〉
(WRITE)p

========⇒ c′
[WRITESM]

〈(s x) :: st,〈s, i,o〉〉 p
==⇒ c′

〈st,〈s, i,o〉〉
(LD x)p

=======⇒ c′
[LDSM]

〈st,〈s[x← z], i,o〉〉 p
==⇒ c′

〈z :: st,〈s, i,o〉〉
(ST x)p

=======⇒ c′
[STSM]

Figure 2: Big-step operational semantics for stack machine

We can describe the compiler in the form of denotational semantics for the source
language. In fact, we can treat the compiler as a static semantics, which maps each
program into its stack machine equivalent.

As the source language consists of two syntactic categories (expressions and stat-
ments), the compiler has to be “bootstrapped” from the compiler for expressions
J•KE

comp:

JxKE
comp = [LD x]

JnKE
comp = [CONST n]

JA⊗BKE
comp = JAKE

comp@JBKE
comp@(BINOP⊗)

And now the main dish:

Jx :=eKcomp = JeKE
comp@[ST x]

Jread (x)Kcomp = [READ ; ST x]
Jwrite (e)Kcomp = JeKE

comp@[WRITE]
JS1; S2Kcomp = JS1Kcomp@JS2Kcomp
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JnK = λσ.n [CONST]

JxK = λσ.σx [VAR]

JA⊗BK = λσ.(JAKσ⊕ JBKσ) [BINOP]

(a) Denotational semantics for expressions

c ε
==⇒ c [STOPSM]

〈(x⊕ y) :: st,s〉 p
==⇒ c′

〈y :: x :: st,s〉
(BINOP⊗)p

==========⇒ c′
[BINOPSM]

〈z :: st,s〉 p
==⇒ c′

〈st,s〉
(CONST z)p

=========⇒ c′
[CONSTSM]

〈(s x) :: st,s〉 p
==⇒ c′

〈st,s〉
(LD x)p

=======⇒ c′
[LDSM]

(b) Big-step operational semantics for stack machine

JxKE
comp = [LD x] [VARcomp]

JnKE
comp = [CONST n] [CONSTcomp]

JA⊗BKE
comp = JAKE

comp@JBKE
comp@[BINOP⊗]) [BINOPcomp]

(c) Compilation

Figure 3: All relevant definitions

4 Structural Induction
We have considered two languages (a language of expressions E and a language

of stack machine programs P), and a compiler from the former to the latter. It can be
formally proven, that the compiler is (fully) correct in the sense, given in the lecture 1.
Due to the simplicity of the languages, the proof technique — structural induction —
is simple as well.

First, we collect all needed definitions in one place (see Fig. 3). We simplified the
description of stack machine semantics a little bit: first, we dropped off all instructions,
which cannot be generated by the expression compiler, and then, we removed the input
and output streams from the stack machine configurations, since they are never affected
by the remaining instructions.

Lemma 1. (Determinism) Let p be an arbitrary stack machine program, and let c, c1
and c2 be arbitrary configurations. Then
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c
p

==⇒ c1∧ c
p

==⇒ c2⇒ c1 = c2

Proof. Induction on the structure of p.
Base case. If p = ε, then, by the rule STOPSM , c1 = c and c2 = c. Since no other

rule can be applied, we’re done.
Induction step. If p = ιp′, then, by condition, we have

c′
p′

===⇒ c1

c
ιp′

===⇒ c1

and

c′′
p′

===⇒ c2

c
ιp′

===⇒ c2

where c′ and c′′ depend only on c and ι. By the case analysis on ι we conclude, that
c′ = c′′. Since p′ is shorter, than p, we can apply the induction hypothesis, which gives
us c1 = c2.

Lemma 2. (Compositionality) Let p = p1 p2 be an arbitrary stack machine program,
subdivided into arbitrary subprograms p1 and p2. Then,

∀c1,c2 : c1
p

==⇒ c2 ⇔ ∃c′ : c1
p1

===⇒ c′∧ c′
p2

===⇒ c2

Proof. Induction on the structure of p.
Base case. The base case p = ε is trivial: use the rule STOPSM and get c′ = c2 = c1.
Induction step. When p = ιp′, then there are two cases:

• Either p1 = ε, then c′ = c1 trivially by the rule STOPSM , and we’re done.

• Otherwise p1 = ιp′1, and, thus, p = ιp′1 p2. In order to prove the lemma, we need
to prove two implications:

1. Let c1
p = ιp′1 p2

=========⇒ c2. Technically, we need here to consider three cases
(one for each type of the instruction ι), but in all cases the outcome would
be the same: we have the picture

c′′
p′1 p2

=====⇒ c2

c1
p = ιp′1 p2

=========⇒ c2

where c′′ depends only on ι and c1. Since p′1 p2 is shorter, than p, we can
apply the induction hypothesis, which gives us a configuration c′, such,

that c′′
p′1===⇒ c′ and c′

p2
===⇒ c2. The observation c1

ιp′1====⇒ c′ concludes
the proof (note, we implicitly use determinism here).
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2. Let there exists c′, such that c1
ιp′1====⇒ c′ and c′

p2
===⇒ c2. From the first

relation we have

c′′
p′1===⇒ c′

c1
ιp′1====⇒ c′

where c′′ depends only on ι and c1. Since p′1 p2 is shorter, than p, we can

apply the induction hypothesis, which gives us c′′
p′1 p2

=====⇒ c2, and, thus,

c1
ιp′1 p2

======⇒ c2 (again, we implicitly use determinism here).

Theorem 1. (Correctness of compilation) Let e ∈ E be arbitrary expression, s — ar-
bitrary state, and st — arbitrary stack. Then

〈st,s〉
JeKE

comp
=======⇒ 〈(JeKs) :: st,s〉 iff (JeKs) is defined

Proof. Induction on the structure of e.
Base case. There are two subcases:

1. e is a constant z. Then:

• JeKs = z for each state s;

• JeKE
comp = [CONST z];

• 〈st,s〉
[CONST z]

=========⇒ 〈z :: st,s〉 for arbitrary st and s.

This concludes the first base case.

2. e is a variable x. Then:

• JsKs = sx for each state s, such that sx is defined;

• JeKE
comp = [LD x];

• 〈st,s〉
[CONST z]

=========⇒ 〈(sx) :: st,s〉 for arbitrary st and arbitrary s, such that
sx is defined.

This concludes the second base case.

Induction step. Let e be A⊗B. Then:

• JA⊗BKs = JAKs⊕JBKs for each state s, such that both JAKs and JBKs are defined;

• JA⊗BKE
comp = JAKE

comp@JBKE
comp@[BINOP⊕];
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• by the inductive hypothesis, for arbitrary st and s

〈st,s〉
JAKE

comp
=======⇒ 〈(JAKs) :: st,s〉iff (JAKs) is defined

and

〈(JAKs) :: st,s〉
JBKE

comp
=======⇒〈(JBKs) :: (JAKs) :: st,s〉iff (JAKs) and (JAKs) are defined

Taking into account the semantics of BINOP⊗ and applying the compositionality
lemma, the theorem follows.

Control Flow Constructs

4.1 Structural Control Flow
We add a few structural control flow constructs to the language:

S += skip
if E thenS elseS
while E doS

The big-step operational semantics is straightforward and is shown on Fig. 4.
In the concrete syntax for the constructs we add the closing keywords “if” and

“od” as follows:

if e then s1 else s2 fi
while e do s od

4.2 Extended Stack Machine
In order to compile the extended language into a program for the stack machine the

latter has to be extended. First, we introduce a set of label names

L = {l1, l2, . . .}

Then, we add three extra control flow instructions:

I += LABEL L
JMP L
CJMPx L , where x ∈ {nz,z}

In order to give the semantics to these instructions, we need to extend the syntactic
form of rules, used in the description of big-step operational smeantics. Instead of the
rules in the form
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c
skip

======⇒ c [SKIP]

JeK σ 6= 0 c
S1===⇒ c′

c = 〈σ, , 〉 if e then S1 else S2===================⇒ c′
[IF-TRUE]

JeK σ = 0 c
S1===⇒ c′

c = 〈σ, , 〉 if e then S1 else S2===================⇒ c′
[IF-FALSE]

JeK σ 6= 0 c S
==⇒ c′ c′ while e do S

============⇒ c′′

c = 〈σ, , 〉 while e do S
============⇒ c′′

[WHILE-TRUE]

JeK σ = 0

c = 〈σ, , 〉 while e do S
============⇒ c

[WHILE-FALSE]

Figure 4: Big-step operational semantics for control flow statements

c
p

==⇒ c′

c′
p′

===⇒ c′′

we use the following form

Γ ` c
p

==⇒ c′

Γ′ ` c′
p′

===⇒ c′′

where Γ,Γ′ — environments. The structure of environments can be different in
different cases; for now environment is just a program. Informally, the semantics of
control flow instructions can not be described in terms of just a current instruction and
current configuration — we need to take the whole program into account. Thus, the
enclosing program is used as an environment.

Additionally, for a program P and a label l we define a subprogram P[l], such that
P is uniquely represented as p′(LABEL l)P[l]. In other words P[l] is a unique suffix of
P, immediately following the label l (if there are multiple (or no) occurrences of label
l in P, then P[l] is undefined).

All existing rules have to be rewritten — we need to formally add a P ` . . . part
everywhere. For the new instructions the rules are given on Fig. 5.

Finally, the top-level semantics for the extended stack machine can be redefined as
follows:
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P ` c
p

==⇒ c′

P ` c
(LABEL l)p

=========⇒ c′
[LABELSM]

P ` c
P[l]

====⇒ c′

P ` c
(JMP l)p

========⇒ c′
[JMPSM]

P ` c
P[l]

====⇒ c′

P ` 〈z :: st,c〉
(CJMPnz l)p

==========⇒ c′
, z 6= 0 [CJMP+

nzSM]

P ` c
p

==⇒ c′

P ` 〈z :: st,c〉
(CJMPnz l)p

==========⇒ c′
, z = 0 [CJMP−nzSM]

P ` c
P[l]

====⇒ c′

P ` 〈z :: st,c〉
(CJMPz l)p

=========⇒ c′
, z = 0 [CJMP+

z SM]

P ` c
p

==⇒ c′

P ` 〈z :: st,c〉
(CJMPz l)p

=========⇒ c′
, z 6= 0 [CJMP−z SM]

Figure 5: Big-step operational semantics for extended stack machine

∀p ∈P, ∀i ∈ Z∗ : JpKSM i = o⇔ p ` 〈ε,〈λ, i,ε〉〉 p
==⇒ 〈 ,〈 , ,o〉〉

4.3 Syntax Extensions
With the structural control flow constructs already implemented, it is rather simple

to “saturate” the language with more elaborated control constructs, using the method
of syntactic extension. Namely, we may introduce the following constructs

if e1 then s1
elif e2 then s2
. . .
elif ek then sk
[ else sk+1 ]
fi

and

for s1 , e , s2 do s3 od

only at the syntactic level, directly parsing these constructs into the original abstract
syntax tree, using the following conversions:
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if e1 then s1
elif e2 then s2
. . .
elif ek then sk
else sk+1
fi

;

if e1 then s1
else if e2 then s2
. . .
else if ek then sk
else sk+1

fi
. . .
fi

if e1 then s1
elif e2 then s2
. . .
elif ek then sk
fi

;

if e1 then s1
else if e2 then s2
. . .
else if ek then sk
else skip

fi
. . .
fi

for s1 , e , s2 do s3 od ; s1 ;
while e do

s3 ;
s2

od

The advantage of syntax extension method is that it makes it possible to add cer-
tain constructs with almost zero cost — indeed, no steps have to be made in order to
implement the extended constructs (besides parsing). Note, the semantics of extended
constructs is provided for free as well (which is not always desirable). Another po-
tential problem with syntax extensions is that they can easily provide unreasonable
results. For example, one may be tempted to implement a post-condition loop using
syntax extension:

repeat s until e ; s ;
while e == 0 do

s
od

However, for nested repeat constructs the size of extended program is exponen-
tial w.r.t. the nesting depth, which makes the whole idea unreasonable.
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5 Procedures
Procedures are unit-returning functions. We consider adding procedures as a sep-

arate step, since introducing full-fledged functions would require essential redefinition
of the semantics for expressions; at the same time the code generation for funictions is
a little trickier, than for procedures, so it is reasonable to split the implementation in
two steps.

At the source level procedures are added as a separate syntactic category — defini-
tion D :

D = ε

(funX (X ∗) localX ∗ {S })D

In other words, a definition is a (possibly empty) sequence of procedure descrip-
tions. Each description consists of a name for the procedure, a list of names for its
arguments and local variables, and a body (statement). In concrete syntax a single
definition looks like

fun name (a1 , a2 , . . . , ak )
local l1 , l2 , . . . , ln {
s

}

where name — a name for the procedure, ai — its arguments, li — local variables,
s — body.

We also need to add a call statement to the language:

S+= X (E ∗)

In a concrete syntax a call to a procedure f with arguments e1, . . . ,ek looks like

f (e1, . . . ,ek)

Finally, we have to redefine the syntax category for programs at the top level:

L = DS

In other words, we extend a statement with a set of definitions.
With procedures, we need to introduce the notion of scope. When a procedure

is called, its arguments are associated with actual parameter values. A procedure is
also in “posession” of its local variables. So, in principle, the context of a procedure
execution is a set of arguments, local variables and, possibly, some other variables, for
example, the global ones. However, the exact details of procedure context manipilation
can differ essentially from language to language.

In our case, we choose a static scoping — each procedure, besides its arguments
and local variables, has an access only to global variables. To describe this semantics,
we need to change the definition of a state we’ve used so far:

Σ = (X → Z)×2X × (X → Z)
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Now the state is a triple: a global state, a set of variables, and a local state. Infor-
mally, in a new state 〈σg, S, σl〉 S describes a set of local variables, σl — their values,
and σg — the values of all other accessible variables.

We need to redefine all state-manipulation primitives; first, the valuation of vari-
ables:

〈σg, S, σl〉 x =
{

σg x , x 6∈ S
σl x , x ∈ S

Then, updating the state:

〈σg, S, σl〉 [x← z] =
{
〈σg[x← z], S, σl〉 , x 6∈ S
〈σg, S, σl [x← z]〉 , x ∈ S

As an empty state, we take the following triple:

Λ = 〈Λ,∅, Λ〉

Finally, we need two transformations for states:

enter 〈σg, , 〉 S = 〈σg, S, Λ〉
leave 〈σg, , 〉 〈 , S, σl〉 = 〈σg, S, σl〉

The first one simlulates entering the new scope with a set of local variables S; the
second one simulates leaving from an inner scope (described by the first state) to an
outer one (described by the second).

All exising rules for big-step operational semantics have to be enriched by func-
tional environment Γ, which binds procedure names to their definitions. As this bind-
ing never changes during the program interpretation, we need only to propagate this
environment, adding Γ ` ... for each transition “... =⇒ ...”. The only thing we need
now is to describe the rule for procedure calls:

fun f (ā) local l̄ {S}= Γ f Γ `
〈

enter σ(āl̄)[a← JeKσ], ι, o
〉 S
==⇒ 〈σ′, ι′, o′〉

Γ ` 〈σ, ι, o〉
f (ē)

=====⇒ 〈leave σ′σ, ι′,o′〉
[CALL]

where Γ f = fun f (ā) local l̄ {S}.

6 Extended Stack Machine
In order to support procedures and calls, we enrich the stack machine with three

following instructions:

I += BEGIN X ∗ X ∗

CALL X
END
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Informally speaking, instruction BEGIN performs entering into the scope of a pro-
cedure; its operands are the lists of argument names and local variables; END leaves the
scope and returns to the call site, and CALL performs the call itself.

We need to enrich the configurations for the stack machine as well:

CSM = (P×Σ)×Z∗×C

Here we added a control stack — a stack of pairs of programs and states. Infor-
mally, when performing the CALL instruction, we put the following program and current
state on a stack to use them later on, when corresponding END instruction will be en-
countered. As all other instructions does not affect the control stack, it gets threaded
through all rules of operational semantics unchanged.

Now we specify additional rules for the new instructions:

P `
〈

cs, st,
〈

enter σ(ā@l̄)[a← z], i, o
〉〉 p

==⇒ c′

P ` 〈cs, z̄@st, 〈σ, i, o〉〉
(BEGIN ā l̄)p

==========⇒ c′
[BEGINSM]

P ` 〈(p, σ) :: cs, st, 〈σ, i, o〉〉
P[ f ]

====⇒ c′

P ` 〈cs, st, 〈σ, i, o〉〉
(CALL f )p

=========⇒ c′
[CALLSM]

P ` 〈cs, st, 〈leave σσ′, i, o〉〉 p′
===⇒ c′

P ` 〈(p′, σ′) :: cs, st, 〈σ, i, o〉〉 ENDp
=====⇒ c′

[ENDRETSM]

P ` 〈ε, st, c〉 ENDp
=====⇒ 〈ε, st, c〉 [ENDSTOPSM]

7 Functions

7.1 Functions in Expressions
At the syntax level function calls are introduced with the following construct:

E += X E ∗

In the concrete syntax function call looks conventional:

f (e1,e2, . . . ,ek )

where f — a function name, ei — its actual parameters.
Surpisingly, such a mild extension results in a complete redefinition of the seman-

tics. Indeed, as function body can perform arbitrary actions on state, input and output
streams, expressions with function calls can now have side effects. In order to express
these side effects we need to redefine the semantics completely, this time using big-step
operational style.

We extend the configuration, used in the semantic description for statements, with
a fourth component — an optional integer value:
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Φ ` 〈σ, i, o, 〉 n
==⇒E 〈σ, i, o, n〉 [CONST]

Φ ` 〈σ, i, o, 〉 x
==⇒E 〈σ, i, o, σ x〉 [VAR]

Φ ` c A
==⇒E c′ Φ ` c′ B

==⇒E c′′

Φ ` c A⊗B
=====⇒E ret (val c′⊕val c′′)

[BINOP]

Φ ` c j−1
e j

===⇒E c j =
〈
σ j, i j, o j, v j

〉
Φ f = fun f (a) local l {s}

skip, Φ `
〈
enter σk (a@l) [a j← v j], ik,ok,—

〉 s
==⇒ 〈σ′, i′,o′,n〉

Φ ` c0 = 〈σ0, , , 〉
f (ek)

=====⇒E 〈leave σ′ σ0, i′,o′,n〉
[CALL]

Figure 6: Big-step Operational Semantics for Expressions

C = Σ×Z∗×Z∗×Z?

This component will correspond to an optional return value for function/procedure
calls (either integer value n or “—”, nothing).

We introduce two primitives to make the semantic description shorter:

val 〈s, i, o, v〉= v
ret 〈s, i, o, 〉 v = 〈s, i, o, v〉

The rules themselves are summarized in the Fig. 6. Note the use of double envi-
ronment for evaluating the body of a function in the rule CALL; note also, that now
semantics of expressions and statements are mutually recursive.

7.2 Return Statement
In order to make it possible to return values from procedures we add a return state-

ment to the language of statements:

S+= return E ?

And, again, this small addition leads to redefinition of the semantics in
continuation-passing style (CPS).

First, we define the following meta-operator “�” on statements:

s�skip = s
s1 � s2 = s1; s2
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Then, we add another environment component, K, in the description of semantic
relation “... ` ... ...

===⇒ ...”. Informally speaking, now

K, Φ ` c s
==⇒ c′

is read “the execution of s, immediately followed by K, in the configuration c results
in the configuration c′”. Statement K is called continuation. The rules themselves are
shown on Fig. 7. Note, the rule for the call statement is exactly the same, as for the call
expression.

8 Arrays and strings
An array can be represented as a pair: the length of the array and a mapping from

indices to elements. If we denote E the set of elements then the set of all arrays A (E )
can be defined as follows:

A (E ) = N× (N→ E )

For an array (n, f ) we assume dom f = [0 ..n−1]. An element selection function:

•[•] : A (E )→ N→ E

(n, f )[i] =
{

f i , i < n
⊥ , otherwise

We represent arrays by references. Thus, we introduce a (linearly) ordered set of
locations

L = {l0, l1, . . .}

Now, the set of all values the programs operate on can be described as follows:

V = Z]L

Here, every value is either an integer, or a reference (some location). The disjoint
union “]” makes it possible to unambiguously discriminate between the shapes of each
value. To access arrays, we introduce an abstraction of memory:

M = L →A (V )

We now add two more components to the configurations: a memory function µ and
the first free memory location lm, and define the following primitive:

mem 〈s, µ, lm, i, o, v〉= µ

which gives a memory function from a configuration.
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skip, Φ ` c
skip

======⇒ c [SKIPSKIP]

skip, Φ ` c K
===⇒ c′

K, Φ ` c
skip

======⇒ c′
[SKIP]

Φ ` c e
==⇒E 〈σ, i, o, n〉 skip, Φ ` 〈σ[x← n], i, o, —〉 K

===⇒ c′

K, Φ ` c x :=e
=====⇒ c′

[ASSIGN]

Φ ` c e
==⇒E 〈σ, i, o, n〉 skip, Φ ` 〈σ, i, o@[n], —〉 K

===⇒ c′

K, Φ ` c
write (e)

=========⇒ c′
[WRITE]

skip, Φ ` 〈σ[x← z], i, o, —〉 K
===⇒ c′

K, Φ ` 〈σ, z : i, o, —〉 read (x)
========⇒ c′

[READ]

s2 �K, Φ ` c
s1===⇒ c′

K, Φ ` c
s1; s2=====⇒ c′

[SEQ]

Φ ` c e
==⇒E 〈σ, i, o, n〉 K, Φ ` 〈σ, i, o, —〉 s1===⇒ c′

n 6= 0

K, Φ ` c
if e then s1 else s2==================⇒ c′

[IFTRUE]

Φ ` c e
==⇒E 〈σ, i, o, 0〉 K, Φ ` 〈σ, i, o, —〉 s2===⇒ c′

K, Φ ` c
if e then s1 else s2==================⇒ c′

[IFFALSE]

Φ ` c e
==⇒E 〈σ, i, o, n〉 while e do s�K, Φ ` 〈σ, i, o, —〉 s

==⇒ c′

n 6= 0

K, Φ ` c while e do s
============⇒ c′

[WHILETRUE]

Φ ` c e
==⇒E 〈σ, i, o, 0〉 skip, Φ ` 〈σ, i, o, —〉 K

===⇒ c′

K, Φ ` c while e do s
============⇒ c′

[WHILEFALSE]

Φ ` c j−1
e j

===⇒E c j =
〈
σ j, i j, o j, v j

〉
Φ f = fun f (a) local l {s}

skip, Φ `
〈
enter σk (a@l) [a j← v j], ik,ok,—

〉 s
==⇒ 〈σ′, i′,o′,—〉

skip, Φ ` 〈leave σ′ σ0, i′,o′,—〉
K

===⇒ 〈σ′′, i′′,o′′,n〉

K, Φ ` c0 = 〈σ0, , , 〉
f (ek)

=====⇒ 〈σ′′, i′′,o′′,n〉
[CALL]

K, Φ ` c return
========⇒ c [RETURNEMPTY]

Φ ` c e
==⇒E c′

K, Φ ` c return e
=========⇒ c′

[RETURN]

Figure 7: Continuation-passing Style Semantics for Statements
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Φ ` c e
==⇒E c′ Φ ` c′

j
==⇒E c′′

l = val c′ j = val c′′

l ∈L j ∈ N
(n, f ) = mem l j < n

Φ ` c
e [ j]

====⇒E ret c′′( f j)
[ARRAYELEMENT]

Φ ` c j
e j

===⇒E c j+1, j ∈ [0..k]
〈s, µ, lm, i, o, 〉= ck+1

Φ ` c0
[e0,e1, ...,ek]

===========⇒E 〈s, µ [lm← (k+1, λn.val cn)], lm+1, i, o, lm〉
[ARRAY]

Φ ` c e
==⇒E c′

l = val c′

l ∈L
(n, f ) = (mem c′) l

Φ ` c
e.length

========⇒E return c′ n
[ARRAYLENGTH]

Figure 8: Big-step Operational Semantics for Array Expressions

8.1 Adding arrays on expression level
On expression level, abstractly/concretely:

E+= E [E ] (a[e]) taking an element
| [E ∗] ([e1,e2,..,ek]) creating an array
| E .length (e.length) taking the length

The semantics of enriched expressions is modified as follows. First, we add two
additional premises to the rule for binary operators:

Φ ` c A
==⇒E c′ Φ ` c′ B

==⇒E c′′

val c′ ∈ Z val c′′ ∈ Z

Φ ` c A⊗B
=====⇒E ret c′′ (val c′⊕val c′′)

[BINOP]

These two premises ensure that both operand expressions are evaluated into integer
values. Second, we have to add the rules for new kinds of expressions (see Figure 8).

8.2 Adding arrays on statement level
On statement level, we add the single construct:
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S+= E [E ]:=E

This construct is interpreted as an assignment to an element of an array. The se-
mantics of this construct is described by the following rule:

Φ ` c e
==⇒E c′ Φ ` c′

j
==⇒E c′′ Φ ` c′′

g
==⇒E 〈s,µ, lm, i,o,v〉

l = val c′ i = val c′′

l ∈L i ∈ N

(n, f ) = µ l
i < n

skip, Φ ` 〈s, µ [l← (n, f [i← x])], lm, i, o, —〉 K
===⇒ c̃

K, Φ ` c
e[ j]:=g

=======⇒ c̃
[ARRAYASSIGN]

8.3 Strings
With arrays in our hands, we can easily add strings as arrays of characters. In fact,

on the source language the strings can be introduced as a syntactic extension:

1. we add a character constants ’c’ as a shortcut for their integer codes;

2. we add a string literals ”abcd ...” as a shortcut for arrays
[’ a ’, ’b ’, ’c ’, ’d ’, ...] .

Nothing else has to be done — now we have mutable reference-representable
strings.

9 S-expressions and Pattern Matching
S-expressions can be considered as arrays with additionally attached tags (of con-

structors). We denote the set of all constructors as C :

C = {C1,C2, . . .}

Thus, the set of all S-expressions can be described as

Sexp = C ×A (V )

In the concrete syntax constructors are represented by identifiers started with capital
letters (A-Z). As being represented as augmented arrays, the values of S-expressions
can be manipulated by array primitives (in particular, their elements can be accessed
and assigned using square brackets); like arrays they are stored in abstract memory and
accessed via locations.
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9.1 S-expressions on expression level
At the expression level S-expressions are represented by a single additional syntac-

tic form:

E+= C E ∗

In the concrete syntax this form is represented by expressions
“C (e1, e1, ..., ek)” or just “C” if no constructor arguments are specified. The
semantics of this form of expression is straightforward: all arguments are sequentially
evauated left-to right and their values are packed into an array with appropriate tag
attached:

Φ ` c j
e j

===⇒E c j+1, j ∈ [0..k]
〈s, µ, lm, i, o, 〉= ck+1

Φ ` c0
C(e0,e1, ...,ek)

============⇒E 〈s, µ [lm← (C,(k+1, λn.val cn))], lm+1, i, o, lm〉
[Sexp]

9.2 Patterns Matching
Pattern-matching is a new control construct which allows to discriminate between

different constructors of S-expressions. Pattern-matching is added at the statement
level, its abstract syntax is as follows:

S+= case E (P×S )∗

Here P stands for a new syntactic category — patterns (see below). In the concrete
syntax:

case e of p1 → s1 | . . . | pk → sk esac

where e — expression (scrutinee), pi — patterns, si — statements.
The syntactic category of patterns is defined as follows:

P = |X |CP∗

In the concrete syntax: “_”, “x”, “C ( p1, p2, ..., pk)” or just “C”, where x — vari-
able, C — constructor, pi — patterns. Informally speaking, each pattern describes a
set of S-expressions and a set of bindings of variables to sub sub-expression of each
of these expressions. To specify this precisly we introduce the following semantics for
patterns: for a pattern p and abstract memory function µ we define

JpKµ : V →⊥] (2X × (X → V ))

JpKµ defines a procedure to inspect a value v; as a result either ⊥ (which can be
interpreted as a witness that v does not belong to the set of values defined by p) or a set
of variables in the patterns with their bindings is returned. The definition is as follows:
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J Kµ v = 〈∅, empty state〉
JxKµ v = 〈{x}, [x← v]〉

JC(p1, p2, . . . , pk)Kµ l =
⊕

i (JpiKµ vi) , µ(l) =C (v1,v2, . . . ,vk)
JpKµ v = ⊥ , otherwise

where
⊕

unions the bindings:

⊥⊕ = ⊥
⊕⊥ = ⊥

〈S1, σ1〉⊕〈S2, σ2〉 =

〈
S1∪S2, λx.

{
σ2 x , x ∈ S2
σ1 x , x ∈ S1 \S2

〉
As pattern matching may introduce new bindings, we need also to modify the defi-

nition of state:

Σ = (X → V )× (2X × (X → V ))∗

Now we have one global state and a list of local scopes with sets of variables and
their bindings. The redefined state primitives look like the follows. Evaluating in the
state:

〈σg, ε〉 x = σg x

〈σg, 〈S, σl〉 :: t〉 x =

{
σl x , x ∈ S

〈σg, t〉 x , x 6∈ S

Updating the state:

〈σg, s〉 [x← z] = update 〈σg, s〉 ε x z

where update is defined as follows:

update 〈σg, ε〉 s x z = 〈σg[x← z], s〉

update 〈σg, 〈S, σl〉 :: t〉 s x z =

{
〈σg, s@〈S, σl [x← z]〉 t〉 , x ∈ S

update 〈σg, t〉 s@〈S, σl〉 x z , x 6∈ S

Empty state:

Λ = 〈Λ, ε〉

Primitives enter /leave :

enter 〈σg, 〉 S = 〈σg, 〈S, Λ〉〉
leave 〈σg, 〉 〈 , t〉 = 〈σg, t〉

We will also need two additional primitives to push/drop new scopes:

push 〈σg, t〉 s = 〈σg, s :: t〉
drop 〈σg, :: t〉 = 〈σg, t〉
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skip, Φ ` drop c K
===⇒E c′

K, Φ ` c leave
======⇒E c′

[LEAVE]

Φ ` c e
==⇒E c′ K, Φ ` c′

〈val c′, ps〉
=========⇒P c′′

K, Φ ` c
case e ps

=========⇒E c′′
[CASE]

JpKmem c v = r (6=⊥) leave �K, Φ ` push c r s
==⇒P c′

K, Φ ` c
〈v, 〈p, s〉 :: t〉

===========⇒P c′
[PATTERNMATCHED]

JpKmem c v =⊥ K, Φ ` c
〈v, t〉

=====⇒P c′

K, Φ ` c
〈v, 〈p, s〉 :: t〉

===========⇒P c′
[PATTERNNOTMATCHED]

Figure 9: Continuation-passing Style Semantics for Pattern Matching

We will also use these primitives for the whole configurations, meaning that they
apply only to their state parts and leave all other components intact.

To specify big-step semantics for pattern-matching we need a yet another “intrin-
sic” statement leave (remember, the first one was “�”). The rules are shown on Fig. 9;
note, we need an additional transition relation “=⇒P” to reflect the top-down pattern-
matching discipline.
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